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Abstract 

In this paper we give purely geometrical proofs of the well-known properties of 
the lemniscate of Bernoulli. 

What is lemniscate? Polynomial lemniscate with foci F\, F2, ■ ■ ■ , F n is a 
locus of the points X with prescribed constant value of the product of distances from 
X to the foci. A root of degree n from this value is called a radius of lemniscate. 
Lemniscate is algebraic curve of degree (at most) In. You can see the family of 
lemniscate with three foci on the figure [TJ 




Exercise 1. Write down a polynomial equation of lemniscate with n foci. 

Lemniscate with two foci is called Cassini oval. The most interesting Cassini 
oval is a Lemniscate of Bernoulli, such curve that for every point on it product of 
distances from the foci equal quarter of square of distance between foci (fig. 

It's obvious that the lemniscate passes through the midpoint between foci. This 
point is called a juncture or double point of the lemniscate. 




Fig. 2 \FiX\ ■ \F 2 X\ = \F x O\ ■ \F 2 0\. 

Lemniscate of Bernoulli has many very interesting properties. For example, area 
bounded by the lemniscate is equal to ^ | i 7 ! i 7 ^ 1 2 • In this paper we prove some 
another properties, mainly using purely synthetic arguments. 
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How to construct Bernoulli's lemniscate? There exists a very simple 
method to construct Bernoulli's lemniscate using the following construction with 
three linked sticks. Suppose that two sticks F\A and F^B are linked in points F\ 
and F2 respectively, and have lengths equal to ^l-Fii^l- Then let the points A 
and B lie on the different sides of the line F1F2. The third sticks joins the points 
A and B and its length equals to I-F1-F2I (fig. E]). 
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Fig. 3 



Let us show, that under motion of this construction midpoint of AB is moving 
on the lemniscate of Bernoulli with foci F\ and F2. 

Proof. Denote midpoint of the segment AB by X. Note, that polygon F\AFiB 
is a isosceles trapezoid (fig. 0]). Moreover, triangles /\AF\X and AABFi are 
similar, because they have a common angle A and the following equation holds 

WF,I \AB\ 



\AX\ |AFi, 

For the same reason triangles ABXF2 and ABF2A are similar. They have a 
common angle B, and the ratios of the length of the sides with endpoints in B 
equals to y/2. Therefore, we can write the following equations: 

ZAF X X = ZABF\ = ZBAF 2 = ZXF 2 B. 
A 




Let us remark that in the trapezoid F1AF2B angles ZA and ZF2 are equal. Since 
angles ZXAF 2 and ZXF 2 B are equal too, we obtain that ZF\AX = ZXF 2 A. This 
implies that triangles AFiAX and AAF2X are similar. Therefore, 

= 1^1 ^ {XFl{ . \XF 2 \ = \AXf = \F,0\ 2 - 
\AX\ \XF 2 \ 1 11 11 1 11 

It follows that the point X lies on the Bernoulli's lemniscate. 
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Note also that since the motion of the point X is continuos and X attains 
most distant points of the lemniscate, that trajectory of the point X is the whole 
lemniscate of Bernoulli. 

Exercise 2. Suppose points A and B lie on the same side of the line F\F-2- 
Find the locus of the point X in this case. 
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Suppose O is a midpoint of the segment F1F2 (double point of the lemniscate). 
Denote by M and N the midpoints of the segments F\A and F\B respectively (fig. 
[5]). Shift the point O to the vector NF\. Denote obtained point by O'. Note that 
triangles AFiMO' and ANXO are equal, moreover the following equation holds: 

|FiM| = |FiO'| = -j=\FiO\. 

v2 

In other words the points M and O' lie on the circle with center at F\ and radius 

Using this we can obtain another elegant method to construct the Bernoulli's 
lemniscate. 




Fig. 6 

Let us construct the circle with center at one of the foci and radius 4=|FiO|. 
On each secant OAB (where A and B are the points of intersection of the circle 
and the secant) chose points X and X' , such that \AB\ = \OX\ = \OX'\ (fig. [6|). 
Union of all points X and X' form a lemniscate of Bernoulli with foci F\ and F2. 




Fig. 7 
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Another interesting way to construct lemniscate with linkages you can see on 
the figure Lengths of the segments F\A and F\0 are equal to each other. The 
point A is the vertex of sticks AX and AY, and length of each of these sticks equals 
to \/2|iqO|. Denote the midpoints of these sticks by B and C, and join them with 
O by the sticks with length ^4^- . In the process of rotating of point A around the 
circle each of the points X and Y generates a half of Bernoulli's lemniscate with 
foci F\ and F2. 

Exercise 3. Prove this. 



Bernoulli's lemniscate and equilateral hyperbola. Hyperbola is a 
much more well-known curve. Hyperbola is a set of all points X such that value 
I l-Fi-X] — |-F2^| I is a constant. Points F\ and F2 are called the foci of the hyperbola. 
Among all hyperbolas we single out a equilateral or rectangular hyperbolas. This is 
the set of points X such that \\FxX] - \F 2 X\ \ = 

Exercise 4. Show that y = ~ is equation of equilateral hyperbolas and find 
the foci of it. 

It appears that the lemniscate of Bernoulli is an inversion image of equilateral 
hyperbola. Before to prove this let us recall definition of inversion. 

Definition 1. Inversion in the circle with center O and radius r is a transformation 
for which every point X in the plane maps to the point X* lying on the ray OX 

2 

and such that | OX* \ = Tjjxr ■ 

Inversion has one very useful property: image of circles and lines are circles or 
lines again. About this and other very interesting properties of inversion you can 
read in pQ. We will prove here just one simple lemma that will be very helpful 
later. 

Lemma 1. Suppose A is an orthogonal projection of the point O on some line I. 
Then inversion image of the line I in a circle with center O is a circle with diameter 
OA* , where A* is an inversion image of the point A. 




Proof. Let B be any point on the line I, and B* its inversion image (fig. [HJ). Since 

10,4*1 = and \OB*\ 



\0A\ 1 1 \OBy 

we obtain that triangles AOAB and AOB*A* are similar. Therefore angle /.OB* A* 
is right and point B* lies on the circle with diameter OA* . □ 

It is necessary to note that center 0\ of this circle is the inversion image of the 
point 0\, where 0\ is the image of point O after symmetry in line I. 
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Now, let us prove that lemniscate of Bernoulli with foci F\ and F 2 is an inversion 
image of equilateral hyperbola with foci F\ and F2 with respect to the circle with 
center O and radius \ OF\ \ 

For this we will use the results that we obtain in the proof of robustness of the 
first method to construct the lemniscate (fig. Denote by P point of intersection 
of the lines F\A and F 2 B and let Q be its image after symmetry in the line F\F 2 
(fig. Let us note that 

\F 2 Q\ - \FiQ\ = \F 2 P\ - \F X P\ = \AP\ - \FiP\ = \F X A\ = 

v2 

Therefore, points P and Q lie on the equilateral hyperbola with foci at F± and 
F 2 . Now is left to show that point X and Q is inversion image of each other with 
respect to the circle with center O and radius | O-Pi ] . First, let us show that triangles 
/SFiXO and APFiO are similar. 
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Note that F x XOB is a trapezoid, therefore AOXFi + ZXFiB = 180°. Also we 
have ZAFxO + /.OF x P = 180°. Since angle ZXF 1 B is equal to angle ZAFiO, we 
obtain that AOXF\ and ZOF\P are equal to each other. 

Since angels ZXF 2 B and AXF\A are equal, we have that AXF\P + ZPF 2 X = 
180°, in other words quadrilateral PF\XF 2 is inscribed. Therefore 

ZF 2 FiX = ZF 2 PX = ZF x PO. 

The last equation holds as far as point O and X are symmetry to each other with 
respect to perpendicular bisector to the segment F\B. 

Thus, triangles t\F\XO and t\PF\0 are similar because have two correspond- 
ing pairs of equals angles. It follows that ZF\OX and ZF\OP are equal, and we 
have that the point Q lies on the ray OX. As well, from similarity of triangles 
AF\XO and AQF\0 (it is congruent to the triangle APF\0) we obtain that 

\OX\ |Oiq| . | OX | . | OQ | = | OFi |2_ 



\OF x \ \OQ\ 

It means that points Q and X are inversion images of each other with respect to 
the circle with center O and radius |Oiq|. 
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If we look on the figure [9] we can make another observation: the points X and 
O lie on the circle with center P. It is interesting that this circle touched the 
lemniscate of Bernoulli.. 




Fig. 10 



Proof. Suppose I is a tangent line to the hyperbola in the point Q. From Lemma 
Q] it follows that image of the line I after inversion with respect to the circle with 
center O and radius \F\0\ is a circle ooi which passes through the point O. Since X 
is an inversion image of the point Q, we see that this circle U[ touches the lemniscate 
at the point X. From the same Lemma we can conclude that center of this circle 
lies on the normal line from the point O to the line I. Let us show that lines OP 
and OQ is symmetric to each other with respect to the line F\F2- It will follow 
that the point P is a center of the circle u>[. 




O R 
Fig. 11 



Without loss of generality we can assume that equation of the hyperbola is 
y = -. Suppose line I intersects the abscissa and the ordinate in the points R and 
S respectively (fig. [TT]) . It is well-known that derivative of function - in the point 
xq is equal to It follows that the point Q is a midpoint of the segment RS, and 
OQ is a median of the right triangle AROS, therefore angles ZQOR and /LQRO 
are equal. Since angles ZPOS and ZQOR are equal too, we obtain that the lines 
OP and RS are perpendicular, as was to be proved. □ 




Fig. 12 

^et us recall that two curves on the plane touch in a point if there exist line touching both curves 
in this point 
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Let us note the following. Since circle uji tangents to the lemniscate in the point 
X, the radius PX of this circle is a normal (perpendicular to the tangent line) to 
the lemniscate in the point X (fig. [T2"j) . Note that the triangle AXPO is isosceles, 
and lines XO and PO are symmetric with respect to the line F±0. Therefore we 
can write these equations: 

ZPXO = ZXOP = 1ZPOF x . 

It follows that there exists the following very simple method to construct the normal 
to the lemniscate of Bernoulli. Indeed for any point X on the lemniscate construct 
the lines which with the line OX form the angle equal to the 2/LXOF\. This line 
will be a normal to the lemniscate. 
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